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AssTtrACT. The authors obtain a fractional Sobolev inequality for Sobolev spaces
WX (R") for ball Banach function spaces X on R” with the homogeneity and
the non-collapse properties. Precisely, the authors show the existence of a pos-
itive constant C such that, for any f € W**(R") N X3+,

I lpsxny = Cllfllyass

where « is the homogeneity index of X, s € (0, min{—ea, 1}), and X a is the
ﬁ-convexiﬁcation of X. Moreover, under some mild assumptions, the authors
prove that the closure of C°(R") with respect to || - ||yysx g+ modulo constants
is identified with W*X(R") N X5+ . When X is a Lebesgue space, these results
reduce to the well-known Sobolev embeddings for which the restriction s €
(0, min{—a, 1}) is sharp. However, these results also provide new Sobolev em-
beddings for Morrey spaces, mixed-norm Lebesgue spaces, Lebesgue spaces
with power weights, Besov—Triebel-Lizorkin—Bourgain—-Morrey spaces, and
Lorentz spaces. As in the case for the classical Sobolev inequality, these re-
sults have a wide range of applications.

1. INTRODUCTION

It is well known that, for any given s € (0, 1) and p € [1, 00), the homogeneous
fractional Sobolev space W*? is defined as the space of all measurable functions
f on R" whose Gagliardo semi-norm

,
(11) s =| [ [ OO day

is finite. Here and thereafter, since all function spaces appearing in this article are
defined on R”, to simplify the presentation, we will not indicate their underlying
spaces. The classical Sobolev embedding, also known as the fractional Sobolev
inequality, states that when sp < n one has

(1.2) 1Az < Clifllsr

for any f € C with the positive constant C independent of f, where p% := £

n—sp
denotes the critical Sobolev exponent and C° denotes the set of all infinite differ-

entiable functions on R” with compact support. We refer to [54, Theorem 10.2.1]
for an elementary proof of (1.2) (see also [65, Théoreme 8.1]). It is well known
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that the Sobolev type inequalities on various function spaces have received a lot
of attention and intensive studies for a long time; see, for example, Haroske et
al. [26, 28, 32], Nakai et al. [55, 56, 57, 58, 59], Sawano et al. [69, 70, 71], Liu
et al. [46], Ho [36], and, recently, Alvarado et al. [2, 3, 4]. The Sobolev type
inequalities have wide applications in harmonic analysis and partial differential
equations (see, for example, [27, 34, 54, 63]).

The ball Banach function space X was introduced by Sawano et al. [68] in
order to unify the study of several important function spaces. Compared with Ba-
nach function spaces, ball Banach function spaces contain a long list of function
spaces. For example, Morrey spaces, Orlicz-slice spaces, mixed-norm Lebesgue
spaces, and weighted Lebesgue spaces are all ball Banach function spaces, but
they may not be Banach function spaces (see [68, 79, 80] for the details). Re-
cently, Dai et al. [16] studied the Bourgain—Brezis—Mironescu formula of Sobolev
type spaces based on ball Banach function spaces. Moreover, the Brezis—Van
Schaftingen—Yung formula of Sobolev type spaces based on ball Banach func-
tion spaces was also established in [17, 18] and applied to improve fractional
Sobolev and Gagliardo—Nirenberg inequalities.

In this article, we establish the fractional Sobolev inequality in the setting
of ball Banach function spaces X and, as an application, we characterize the
closure of C° with respect to || - ||yysx, which is a new Gagliardo semi-norm
associated with X. To be precise, assuming that X has the homogeneity property
and the non-collapse property, that is, for any f € X, 4 € (0,0), and x € R",
[lf(A)llx = A% fllx for some @ € (—o0,0) and |15, 1)llx = 1 with the implicit
positive constant independent of x € R", we show that there exists a positive
constant C such that, for any f € WX n X+,

H If) = fO)

lx — yls—@

1 lwsx = > ClIflly.s

X(»)

where s € (0, min{—a, 1}). Here and thereafter, for any x € R" and r € (0, 00),

X(x)

B(x,r):={yeR": [y—x|<r}
denotes the ball with center x and radius r and, for any f € .Z, let

1f Ol = NFOllx.

Then, using this inequality, we prove that the closure of C7° with respect to || ||yys.x
modulo constants, denoted by DX, is identified with WX N X3+ . These results
have a wide range of applications and, in particular, when X is a Lebesgue space,
they reduce to the well-known embeddings, that is, (1.2) and [11, Theorem 3.1];
this indicates that in general the restriction s € (0, min{—a, 1}) is sharp. To the
best of our knowledge, when X is a Morrey space, a mixed-norm Lebesgue space,
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the Lebesgue space with power weight, a Besov—Triebel-Lizorkin—Bourgain—
Morrey space, or a Lorentz space, these embeddings are new in the literature.

Recall that all the known proofs of (1.2) strongly depend on the explicit in-
tegral expression of the Lebesgue norm under consideration. Since || - ||y has no
explicit expression, the known classical proofs are inapplicable for the ball Ba-
nach fractional Sobolev inequality. To overcome this essential difficulty, we fully
employ the homogeneity property and the non-collapse property of X, which
are used, to replace the dilation invariance and the translation invariance of the
Lebesgue norm, respectively; these are crucial tools in the known proofs of the
classical fractional Sobolev inequality.

The remainder of this article is organized as follows.

In Section 2, we recall some concepts related to ball Banach function spaces.
Then, assuming that a ball Banach function space X has the homogeneity prop-
erty (Assumption I), we introduce the homogeneous ball Banach fractional Sobolev
space W*¥, thereby extending the concept of the homogeneous fractional Sobolev
space W*” to this setting.

Section 3 is devoted to the ball Banach fractional Sobolev inequality. Specif-
ically, in Theorem 3.2, under Assumption I (the homogeneity property) and As-
sumption II (the non-collapse property of X), we show that, if s € (0, min{—«, 1}),
then for any f in .#x we have || f|lyysx 2 [|flly.« with the implicit positive con-
stant independent of f. This extends the classical fractional Sobolev inequality
from the Lebesgue space to the ball Banach function space (see Remark 3.3).
Moreover, we prove that the ball Banach fractional Sobolev inequality is valid
not only for C2 functions but also for W** N Xa= functions.

Section 4 is devoted to providing an equivalent characterization of the closure
of C with respect to || - ||y+x modulo constants, which is denoted by D**. To go
further, we need an additional mild assumption on X (see Assumption IIT). Under
Assumptions I, II, and III, we show that D*¥ is identified with W** n X#=. To
be precise, we prove that there exists a linear isometric isomorphism

I: D - W nXxas,

On one hand, using the ball Banach fractional Sobolev inequality, we show that
I is injective. On the other hand, by Holder’s inequality associated with the ball
Banach function space (see Lemma 4.8), we prove that 7 is surjective. This result
is an extension of [11, Theorem 3.1] from the classical Gagliardo semi-norm
| - llwse to || - |lwsx (see Remark 4.2). Finally, we show that Assumption III(iii)
is just slightly stronger than a necessary and sufficient condition of C® ¢ WX,
which implies that this assumption is necessary in some sense.
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In Section 5, we apply our main results obtained in the above sections to
several specific examples of ball Banach function spaces, namely the Morrey
space M”, the mixed-norm Lebesgue space L?, the Lebesgue space with power
weight L/, the Besov—Bourgain-Morrey space M B};, and the Lorentz space L4
(see, respectively, Theorems 5.3, 5.6, 5.7, 5.10, 5.11, 5.13, 5.14, 5.16, and 5.17).

Finally, we state our notation and conventions. We let N := {1,2,...}, Z, :=
N U {0}, and Z := (Z,)". We always denote by C a positive constant which is
independent of the main parameters involved, but it may vary from line to line.
The symbol f < g means that f < Cg. If f < g and g < f, we then write f ~ g.
Iff<Cgandg=horg<h,wethenwrite f Sg=hor f <g<h Weuse0
to denote the origin of R". For any measurable subset E of R”, we denote by 1,
its characteristic function and denote by E C its complementary set. In addition,
we use the symbol L = with p € (0, 0] to denote the set of all measurable
functions f on R” such that f1z € L? for any bounded measurable set E C R”.
Furthermore, for any 4 € (0,c0) and any ball B(x,r) ¢ R" with x € R" and
r € (0,00), let AB(x, r) := B(x, Ar). Finally, for any g € [1, o], we denote by ¢’

its conjugate exponent, that is, 611 + ql =1.

2. PRELIMINARIES

In this section, we recall the definition of ball Banach function spaces and
introduce homogeneous ball Banach fractional Sobolev spaces. In what follows,
we denote by .Z the set of all measurable functions on R” and we let

2.1 B :={B(x,r): x€R"and r € (0,)}.

The following concept is precisely [68, Definition 2.2].

Definition 2.1. Let X C .# be a quasi-normed linear space equipped with a
quasi-norm || - ||y, which makes sense for all measurable functions on R". Then
X is called a ball quasi-Banach function space on R" if it satisfies:
(i) if f € A, then ||f|lx = 0 implies that f = 0 almost everywhere;
(i) if f, g € 4, then |g| < |f] almost everywhere implies that ||g|lx < ||f]lx;
(i) if {fulmew € A and f € A, then O < f,, T f almost everywhere as
m — oo implies that || f,,||x T || fllx as m — oo;
(iv) B € B implies that 13 € X, where B is the same as in (2.1).

Moreover, a ball quasi-Banach function space X is called a ball Banach func-
tion space if it satisfies:

(v) forany f,g € X, [If + gllx < [Ifllx + llgllx;
(vi) for any ball B € B, there exists a positive constant Cz), depending on B,

such that, for any f € X, fB lfo)ldx < Cllfllx-
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Remark 2.2. (1) Let X be a ball Banach function space on R". By [77, Re-
mark 2.6(i)], we conclude that, for any f € .Z, ||f|llx = O if and only if
f = 0 almost everywhere.

(i) As mentioned in [77, Remark 2.6(ii)], we obtain an equivalent formula-
tion of Definition 2.1 via replacing any ball B by any bounded measurable
set E therein.

(iii)) We should point out that, in Definition 2.1, if we replace a ball B by
any measurable set £ with finite measure, we obtain the definition of
(quasi-)Banach function spaces, which were originally introduced in [7,
Definitions 1.1 and 1.3]. Thus, a (quasi-)Banach function space is also
a ball (quasi-)Banach function space and the converse is not necessarily
true.

(iv) By [19, Theorem 2], we conclude that both (i1) and (iii) of Definition 2.1
imply that any ball Banach function space is complete.

(v) Examples of Ball Banach function spaces include various function spaces,
such as the Lebesgue space L, the Morrey space M”, the mixed-norm

Lebesgue space L7, the weighted Lebesgue space L/, the Besov—Bourgain—

Pt
q.r»

initions 5.2, 5.5, 5.9, 5.12, and 5.15 for their precise definitions and also

Morrey space MBL, and the Lorentz space L"4. See, respectively, Def-

Section 5 for more details.

The associate space X’ of a given ball Banach function space X is defined as
follows (see [7, Chapter 1, Section 2] or [68, p. 9]).

Definition 2.3. For any given ball Banach function space X, its associate space
(also called the Kothe dual space) X’ is defined by setting

X ={fed |Ifllx <o},
where, for any f € X',
I/l == sup{llfgll = g €X, liglx = 1}

and || - ||x is called the associate norm of || - ||x.

Remark 2.4. From [68, Proposition 2.3], we deduce that, if X is a ball Banach
function space, then its associate space X’ is also a ball Banach function space.

We also recall the concept of the convexity of ball Banach function spaces;
this is a part of [68, Definition 2.6].

Definition 2.5. Let X be a ball Banach function space and p € (0, o). The p-
convexification X? of X is defined by setting

XP={fed  |fI" X},
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equipped with the quasi-norm ||f||x» := || |f|1’||§(/” for any f € X”.

We recall the definition of ball Banach function spaces with absolutely con-
tinuous norm; see [8, Definition 3.1] and [76, Definition 3.2].

Definition 2.6. A ball Banach function space X is said to have an absolutely
continuous norm if, for any f € X and any sequence of measurable sets, {E£} e C
R" with E;.; C E; forany j € Nand N E; = 0, || f1g,llx = 0 as j — co.

Next, we extend the concept of the homogeneous fractional Sobolev space to
the ball Banach function space. To this end, we need the following assumption.

Assumption 1. Let X be a ball Banach function space and a@ € (—o0,0). We
consider the homogeneity property that for any A € (0,00) and f € X it holds

I CIlx = %N fllx-

Remark 2.7. If X satisfies Assumption I with @ € (-0, 0), then, by Definition
2.1(iii) and the fact that |15 1)|lx > O which is a simple consequence of Defini-
tion 2.1(i), we conclude that

Izolly = tim [|150., [, = lim r[|150. ], = o.

Definition 2.8. Let X satisfy Assumption [ with @ € (—o0,0) and let s € (0, 1).
The homogeneous ball Banach fractional Sobolev space W*X is defined to be the
set of all functions f € .# such that

lf(x) = f)
1 lpsx 2= |” T o < oo.
lx =yl X lx(y)
Using Remark 2.2(v), we find that L?, M?, L7, Ly, MBL, and L are all

ball Banach function spaces and they can be verified to satisfy Assumption I;
see Section 5 for the details. Therefore, we obtain corresponding homogeneous
ball Banach fractional Sobolev spaces based on these aforementioned spaces. In
particular, when X := LP, WX reduces to W in (1.1).

3. THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY

In this section, we establish the fractional Sobolev inequality of the ball Ba-
nach fractional Sobolev space, which is called the ball Banach fractional Sobolev
inequality. In order to achieve this, we need the following non-degeneracy as-
sumption.

Assumption I1. Let X be a ball Banach function space. We say that X has the
non-collapse property if there exists a positive constant C such that, for any x €
R, [Apenllx = C.
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Definition 3.1. Let X be a ball Banach function space. The space .#y is defined
to be the set of all functions f € .# such that, for any ¢ € (0, o),

Having established these basic facts, we focus on the main result of this work,

< 00,

l{xeR”: If(I>e} || x

which is the following embedding theorem.

Theorem 3.2. Let X and « satisfy Assumptions I and Il and let
s € (0, min{—q, 1}).
Then there exists a positive constant C such that, for any f € #x,

1fllyozs < C Nl -

Remark 3.3. Let X := L” with p € [1,00) and let @ := —%. In this case, Assump-
tions I and II obviously hold and hence so does Theorem 3.2, which coincides
with the well-known classical fractional Sobolev inequality (1.2). For this reason
the range of s € (0, min{—«, 1}) in Theorem 3.2 is sharp in general.

To prove Theorem 3.2, we need the following technical lemma.

Lemma 3.4. Let X, a, and s be the same as in Theorem 3.2. Then there exists a
positive constant C such that for any measurable set E C R" satisfying ||1g|lx <
oo and for any x € E we have

1

|x -

3.D

> CllLgllg.
X

Proof. We first consider the case that £ := B(0,r) with r € (0, o). From As-
sumption I, we deduce that

_ 1
= i Lot )

150, (r')”j
X

”| e IB(o,rﬁ(')
X

L.l -
X

1
NG
By Assumption I and the fact that s € (0, min{-a, 1}) we have

=
Z 2{k-De- s)||13(0 mllx ~ Zz_ks < o0
=1

k=1

"| s 13(0,1)C(-) B(O’Zk)\B(O’zkl)(.)HX

X |”’

This implies that

1 _s
HHTQIB(OJ)C(.)H Lponlly* = C €(0,)
' X



8 Y. CHEN, L. GRAFAKOS, D. YANG, AND W. YUAN

and hence, for any r € (0, ),

1 s

a0 = Clltaol
X

3.2) S

Now, we claim that, for any r € (0, c0) and x € R”,
1

‘ lx — -[s—@ Lceant (.)‘

(3.3)

2 ||1B(x,r)||§(-
X

We discuss the following two cases based on the size of |x].

Case (i): |x|] = 2r. In this case, let B(x;, r;) be a ball with r| := 'ﬂr_“r’r and

X |xl+4r

x1:= (x| +4r +ry)

= X
x| |x|—=r

It is easy to show that B(x;, r;) C B(x, 4r)C. Combining this, Assumption I, and
|x| > 2r, we obtain

1

1
X — |5 1B(x,4r>C(')” ||1B<x,r)
X

XE > HﬁlB(xl,n)(')" ”13()"’)“;5
=1 x

S 1 |x| + 4r
T Ar+2r)

2 Macplly

-
a-s
=1 ) [ a0cnlly"

Using this and Assumption II we conclude that

1

(3.4) |ﬁllg(x,mg(-)” 2 Ml
x— X

Case (ii): |x| < 2r. In this case, from Assumptions I and II, we infer that, for
any r € (0, c0),

(3.5) rIMpenllx = ||1B(§,1)||X 2 1~ 1oellx = 0.6l
We observe that B(x,4r) ¢ B(0,6r) and for any y € B(0, 61’)C one has §|y| >

|x — y|. By this, (3.2), and (3.5), we find that
1

| . |s—(x

1 s s
(3.6) Hmlg<x,4,)c<-) 13(0,6,)c<-)HX ~ Maoonll 2 Manlli-

2|
X
Combining (3.4) and (3.6), we conclude that the above claim holds.
Next, we show that (3.1) is valid. Let

ry i=sup{r € [0,00) 1 [[Lpmellx < IEellx}-

If ry = 0, then, for any r € (0, ), |[1s,\ellx = |[1gllx. From this, we deduce that

1

2 mlB(x,r)\E(')

X

1 —
H |X _ ,|s—a IEC () 2 re s”lB(x,r)\E”X

X
> r"|1gllxy — o0
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as r € (0,00) and r — 0. This implies that (3.1) holds in this case. If r; > 0, we

2[1Ellx

first prove that r; < co. Indeed, when r > (||13<01>||x )‘5 + |x|, using Minkowski’s

inequality and Assumption I, we find that
M aemellx = [Msenllx — IMellx = s@—llx — [LEllx
=(r- |x|)_a”13(0,1)”X = 1gllx = [1gllx.

This implies that

1

2|11 Te

< (—” el ) "y x| < 0.
1L 50,1)llx

From the definition of r,, we further infer that [[15, 1\ ellx < I1gllx and

L g2 nellx = I1Ellx.

Using these and (3.3), we conclude that

1 1 1
o e e O ”‘ oo 0| Hmlwx,zrswmc(')nx
S VW +H L, ()‘
- |2rsls—a ElX Ix _ 'Is_a (B(x,2r) U E)C X
1 1
2 |X _ '|S_a 1E\B(x,2rs)(') + —lx — -|S_a/ l(B(x,ZrS)U E)C ()H
X X
1 :
~ |X — .|s—a lB(O,Zr.g)C ()HX be HIB(O,%rs) X
~ Hle,érS)\EHX + HIB(O,%rS)mE X] 2 el
This finishes the proof of Lemma 3.4. O

Now, we prove Theorem 3.2.

Proof of Theorem 3.2. Notice that | |f(x)|-|f)|| < |f(x)—f(y)| for any x,y € R".
Replacing f with |f], without loss of generality, we may only consider the case
that f > 0. Fix f > 0 and define Dy := {x € R" : 2F < f(x) < 2"} forany k € Z.
It is easy to prove that

S

(3.7) 1l ~ || 20p) and [|fllga, ~|[> 2 MD
i€Z i€Z
Using Lemma 3.4, we conclude that
If () = f() |f(x) = f()
“' G L S i
|x —y|5~ Xllxy = lx — yI X(x)
IDi0 X0)
2|1 ZI(Df‘IUD"Uj’_f;)C(x) 15,()
P lx =yl X(x)

ID;1>0 X()
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211 21 uponn D), 100)

i€Z
1D;1>0 X()

Hence,

_3
a

2kas 1y,
keZ

H‘ lf(x) = fO)I
|x =yl

X(x)

X()

Z 2kﬁ le ||1Di—]UDiUD[+1 ('x)“);;(x) lDi(y)

2.2
keZ X

IDi0 X0)

|22

which, together with (3.7), further implies that

4%

X

H‘ lf(0) = fO) Ml -

lx — y[*=@

a1y,
X

X(x)

X(y) i€Z

This finishes the proof of Theorem 3.2. |
As a corollary of Theorem 3.2, we have the following conclusion.

Corollary 3.5. Let X and a satisfy Assumptions I and Il and let
s € (0, min{—q, 1}).
Then there exists a positive constant C such that, for any f € CZ,

I llxazs < Cllfllpsx -

Proof. Let f € C. Then, for any € € (0,00), {x € R" : |f(x)| > &} C supp(f)
and there exists r € (0, co0) such that supp (f) C B(0, r). From Definition 2.1(ii)
and (iv), we infer that

< 00

and hence f € .#x, which implies C° C .#x. Combining this and Theorem 3.2,
we complete the proof of Corollary 3.5. O

1ierr: (f1>e) ¥ = ||18(0,r) %

By this, we have proved that the ball Banach fractional Sobolev inequality
holds for any f € C_°. To extend the ball Banach fractional Sobolev inequality to
a wider class WX N X#+ requires a considerable amount of additional work; for
this purpose we need the following two technical lemmas.
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Lemma 3.6. Let X and « satisfy Assumptions I and II, s € (0, min{—a, 1}), m €
(0, 00), and —c0 < b < a < oco. Then there exists a positive constant C such that
for any real-valued function f € .# that satisfies

(3.3) | Lixerr: foal|ly > m and ||1lxeR”: f(x)<b}||X >m
we have
(3.9) I fllysx = Cm™ (a — b).

Proof. Let us fix a real-valued function f € .# that satisfies (3.8). From Defini-
tion 2.1(ii1) and (3.8), we deduce that there exists r € (0, co) such that

(3.10) |

l{xeR": f@>anBO.n) ||y > M and ||1{xeR’l: F<bINBO.r) ||y > M-

LetA, :={xe B(0,r): f(x)>2a/3+b/3},
Ay :={xe B0,r): a/3+2b/3 < f(x) <2a/3 +b/3},

and As :={x e B(0,r): f(x) <a/3+ 2b/3}. For any measurable set E C B(0,r)
and x € E, let

(3.11) ) = sup{r, € [0,00) ¢ ||Limonnseermelly < IMell}-

For any i € {1,2, 3}, we define r; := sup{rch") t x €A}

If min{r;, 3} > ér, then there exist x; € A; satisfying rﬁfl“) > ér and x; € A;

satisfying 3> > Lr. It is easy to show that there exists x; such that B(x’, 1) c

B(x;, ér) N B(0,r) for any i € {1, 3}. By this, (3.11), the definition of A3, (3.10),
Assumptions I and II, we conclude that

x —
5.12) 'If( ) - fO))
|x_y|s—a
X(x) X(y)
lf(x) = f)
‘ ﬁlm(x) L4, ()
X=Yy X(x) X(®)

a—-b “a ats
2 - B(x1,3r)NB(0.r) XHIB(xs,ér)ﬂB(O,r) x Ly, X

a-b “a ats
2 —a B(x!, %) XHIB(xg,l%r) X l{xeR": F(x)<bINB(0,r) || x

a+s at+s

2% @ =) s o [tas ], 2 @0
If min{ry, 3} < %
first claim that, for any x € B(0, r) and 7 < %r,

1

|x — |- lB(O,r)\B<x,2f)(')|

r, without loss of generality, we may assume r; < %r. We

s
@

(3.13)

> Hl ;7
~ B(0,r)NB(x,5F) .
X >Ix

To prove this, we consider the following two cases for the size of |x|.
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Case (i): [x| > 47. In this case, let r; := 2227 and

. x x| -2F
xp = (|x] —Zi’—rl)m = x| + 7

It is easy to show B(xy,r;) € B(0,r) \ B(x,27). Combining this and Assumption

I, we obtain

S

@

X

S

a

1

- .|s—a'1B(O,r)\B(x,2f)(')N HlB(O,r)ﬂB(x,%F)
X

>

1
L O)

1 x| — 27\
Z - ~ ||1B(x 7)
(F+2r)5 2\ |x|+ 7 ’

1 .
« H B0.NNB(x.37)||

_3s
a

X HIB(O,r)ﬂB(x,%?) X

_i _s
2 e 2ol
L3 Lol etz on |,

By this and Assumption II, we conclude that (3.13) holds in this case.

1

1
S
fS—(l || (xvr) X B(H‘xﬁ X,%?)

Case (ii): |x| < 47. In this case, from 7 < %r and Assumption I, we deduce that

1 _s
(3.14) ” lB(O,r)\B(0,6?)(')H 150,601y
X

| . |s—(x

Z ‘

—1 _s
- H| s 13(0,;‘)\3(0,1)(')”)( I1z0.0lly" > 0.

13(0,8?)\3(0,@(-)“ seenls:
X

| . |s—a

It is easy to prove that B(x, 27) c B(0, 67) and, for any y € B(0, 6?)C, %Iyl > |x—yl.
By this, (3.14), and an argument similar to that used in the estimation of (3.5),

we find that

1

—|X ~ e 150.7\8x20 (")

1
' S_alg(o,,>\3(o,6;><-)]|
] .

s s
2 Ms.enlly 2 g 15l

2
X

This shows (3.13) in this case. Altogether, we conclude that the above claim
holds.

By (3.11) and (3.13), we find that, for any measurable set £ C B(0, r) and any
x € E satisfying rfCE) € (0, 1r),

(:19) | tnons
lx — - X

1

Tl = Lyomizusear®n() X * |x — .|s—a1[B(o,rmB(x,ZriE))]\E(') X
1 1

= Ix — |5 Lyomizusear®n() X * H Ix — s IE\B(x,2r§E>>(')"X
1 s

Tl = e lB(o,r)\B(x,2r§E>>(')"x 2 HlemB(xs%r‘f)) X
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X + H1B(0,r)ﬂB(x,ér<xE))\E“X} 2 HIE”S;( :
Let g := (f — 2a/3 — b/3)*. Here and thereafter, for any a € R, we let a* :=
max{a, 0}. It is easy to prove that, for any x,y € R”, |f(x) — f(¥)| = |g(x) — g(y)|

and hence
2 | ' ‘ .
Xy X(»)

Let Dy := {x € B(0,r) : 2% < g(x) < 2¥!} for any k € Z. By standard arguments
we have

~ {HIB(O,r)nB(x,;r@)mE

lg(x) — g0

(3.16) A
lx — y[*=@

|H lf(x) = fDI
lx =yl

X(x) X(x)

1+

G17  ||gLsen, ~

D 21p,| and [|gls0,

i€Z

o 0~

Xa+s

el

i€Z

X
From the assumption that r; < ér, we deduce that, for any i € Z and any x €
D;_ U D; U D,,, rP=19P) ¢ (o, ¢r]. Using this and (3.15), we conclude that

lg(x) — g lg(x) — g
“ X =yl 2|2, T
xX=Y xllxyy |z XY X(x) X0)
21 30\ uD-uD. (X
N Z ‘ B, >\(lelu1YJ_,ZD,+1)( ) 1n,()
i€Z Ix—y | X(x)
1D;1>0 X()

21> 2 1 unomn @5, 10,6
0 X@)
By this, we immediately have
H‘ 8(x) — gl pisti1 ’
—a a+s Dl'
=7 el X
2> 21 25 1@ b upon., ], 10,0)
i€Z i€Z X(x)
ID;1>0 XO)
2 Z 2 a+v lD
i€Z
Combining this, (3.16), (3.17), and (3.10), we find that
(3.18) ‘ /O 5 ‘ lg(x) — f_(z)l
lx =yl X)lx(y) x =l X)lx(y)
1+2
2 Z 25 1 p, |13 [
i€Z

a+s

2 (a—Db) ||lB(0,r)ﬁ{xER”: fwsallly
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ats
>me (a-b),

thus, (3.9) also holds in Case (ii). Now, (3.12) and (3.18) complete the proof of
Lemma 3.6. O

Lemma 3.7. Let f € WX, Then there exists a constant C € C such that f — C €
M.

Proof. Without loss of generality, we may assume that f is a real-valued func-
tion, otherwise we can consider the real part and the imaginary part of f sepa-
rately. Let

I := sup {/l eR: ||1{x€Rn: f(x)z/l}”X = oo}
and

i :=inf {/l eR: ||1{x€Rn: f(x)g}”X = 00}.
We first prove that / = i. Assume that / < i, and hence there exists 4; € (I,i). By
Remark 2.7 and the definitions of / and i, we conclude that

00 = |1zl < ||1{xeR": f(x)le}”X + ||1{xe]R": f(x)s/ll}”X < 00,
which is a contradiction. Assume that / > i and then there exist constants A, and
Az satisfying i < A, < A3 < 1. By the definitions of 7 and i, we have
||1{xeR": f(x)>/13}||X =00 = ||1{xeR”: f(x)</12}||X-

From this and Lemma 3.6, we infer that, for any m € (0, c0),

a+s

(3.19) fllysx 2 Cm e (A3 = ),

where C is the same as in (3.9). By the arbitrariness of m, we conclude that (3.19)
contradicts the assumption that f € W*X. This shows I = i.

Now, we prove that I € R. In order to show this, we assume that [ = co0 =i
or [ = —oo = i and we argue by contradiction. We only consider the first case
because the argument for the second case is similar. By Definition 2.1(iii) and
Remark 2.7, we conclude that

lim [[Lpere: el = Mzlly = oo.
From this, we deduce that there exists a constant A € (—oo, o) such that, for any
m € (0, 00),
(320) ||1{x€Rn: f(x)<’l}||X > m.

Then, using the definition of i, we find that ||1er». ry<allx < oo and

ILixerr: fo<asyllx < o0

and hence

(3.21) Lixerr: feosasnllx = [Arellx = Lixerr: fo<asnllx = 0.
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By (3.20), (3.21), and Lemma 3.6, we conclude that for any s € (0, min{—«, 1})
and m € (0,00) we have |[f|[ysx = m‘e . From the arbitrariness of m, we in-
fer that ||f]|ys»x = oo, which contradicts the assumption that f € WX, Thus,
I =i € (—o0,00). By the definitions of i and I, we obtain, for any & € (0, o),
X xerr: |f-1156llx < o0, which completes the proof of Lemma 3.7. O

Using the above lemmas, we conclude the following corollary.

Corollary 3.8. Let X and « satisfy Assumptions I and Il and let
s € (0, min{—a, 1}).

Then there exists a positive constant C such that for any f € WX N Xa= we have

1Az < Cllflypsx.

Proof. Let f € W N X5+ . From Lemma 3.7, there exists a constant C € C such
that, for any € € (0, 00), ||1{xER”: |f(x)—C|>£}||X < oo, that is, f -Ce %X' Assuming

; . IC]
C # 0 and letting € := 5

(3.22) ‘

, we obtain

1

< 00,

(xeR": |f(0)-C1> 51|

On the other hand, using f € X a+, we find that

o) a5
(3.23) [t o], < (ﬁ I f||m) < co.
By Remark 2.7, (3.22), and (3.23), we conclude that
o0 = ||1R”||X S ' l{xeR”: If(x)_C|>g} X + ‘ I{XER"Z |f(x)|>%} X < OO,

which is a contradiction. Thus, C = 0 and f € .#y, which implies WX N X3 C
M. Combining this and Theorem 3.2, we then complete the proof of Corollary
3.8. m|

4. CLOSURE OF C;° WITH RESPECT TO || - [[yysx

In this section, we characterize the closure of C7° with respect to || - [|yys.x.
Notice that, for any C € C, ||f + C||ysx = ||fllyysx. Thus, it makes sense to define
the space of equivalence classes

X = {[f] L fe C_go||‘||ws,x}

with the norm || [ f] ||psx := ||fllysx, Where [f] :={f + C: C € C}.

Next, we show the space D*X is identified with W*¥N X3+ . This identification
relies on certain natural assumptions that are valid on most important examples
of ball Banach function spaces.

Assumption IIl. Let X and « satisfy Assumption I and let s € (0, min{—a, 1}).

Assume that
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(1) X has an absolutely continuous norm (see Definition 2.6);
(ii) there exists a positive constant C such that, for any r € (0,00) and f €
A (R" X R") satisfying || | f(x, Dllxwllxe) < o0

fx=zy-2dz < C[IF 0 Ml Iy
B(0,r) X)|lx(y)
(iii) there exists a positive constant C such that, for any x € B(0, 1),
1z.1(:
() <C
|X _ _|s7a71 X

Theorem 4.1. Let X and « satisfy Assumption I, s € (0, min{—a, 1}), and X also

satisfy Assumptions Il and IIl. Then there exists a linear isometric isomorphism
T: D - W nXas,
In other words, the space D*X is identified with W** N X &+,

Remark 4.2. Let X := L” with p € [1,00) and let « := —%. In this case, Assump-
tions I, II, and III hold and hence so does Theorem 4.1, which coincides with
[11, Theorem 3.1].

The proof of Theorem 4.1 is based on the following technical lemmas.

Lemma 4.3. Let X and « satisfy Assumption I and let s € (0, min{—«, 1}). Then
WX contains C if and only if X satisfies

1p4,1)(x)
Jox = ypso!

4.1 1p0.,(»)

X(x)

< oo,

X(y)

Proof. We first show the sufficiency. Assume that (4.1) holds. Let f € C_° sat-
isfy supp(f) € B(0,r) with r € (0,0c0). From this, Assumption I, and s €
(0, min{—a, 1}), we infer that, for any y € B(0, 2r),

4.2) "|f() |]:(3))|H
lfC)— f()’)| o |[1FC) = FO)
S\ —————1pp22\Bo21,
' I ya . kz Syfre 02BN
1502642\ B0.26+1 19 ()
SV | 555 |+ e Z
|- =yl e -] ¥
1p4.1)(*) 13(0 4m\Biy,H () -
S|l——— ———2 2+ 27 g0 8\ 04r
I | . _yls—(x—l | . _y|s—a—l X ; || ( \B( ) X
1p4.1)(*) =
+ [[Lp0.anll + 27 11 0,87\ B(0,4r
“I T 0,4) kz:; 15088040
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H 1p0,1)() T 1
|- —ypet
and, by the support condition of f, for any y € B(0, 2r)C,
lfO) = fO)
3) o - 7ol (y L e s
|- =y Iyl =yl
Using Assumption I, we find that
1p(y.1y(x)
ﬁm 150.21()
Y Xt Xo)
—u 1p02ry,1)(27X)
= (2r)72 |2rx(—) 2; o 150.2n(2ry)
4 X X0)
s—a 1. 2r1y(X)
= (2r)" % 1s0.)()
Y X X()

Combining this, (4.2), (4.3), Assumption I, (4.1), and s € (0, min{-a, 1}), we
conclude that

I1f 1ysx 1502/ )

X(x)

H”If(X) JO
yls @

m lf(x) = fOI
|X yls @

X()

13(0’2r)C (y)

X() X@)

lB(y,l)(x)
lx = ype!

0
2,
k=1

< max {1, (2r)1+<’}

+ 150,20 1x0)
X()

13(0,2r) §))
X(x)

13(0,2’“rl M\B(0,2kr) (Y)
[yls—

X

+ ||13(0,2r)
X

150,1)(y)

X(x)

X()

+ Z 275k ||IB(0,4r)\B(0,2r)(‘x)|
=1
< 0.

X(x)

This finishes the proof of the sufficiency.

Now we prove the necessity. Let ¢€; := (0,...,0,1,0,...,0) (the ith entry is
1 and the other entries are 0) for any i € {1,...,n}. We first claim that, for any
x,y € B(0,2),

max{||x—4n(?i|—|y—4neﬁ|| 1€ {1,...,n}} > |x—yl.
To see this, let x = (xy,...,x,) and y = (y1,...,y,). Assume that

lxr = yil = max {lx; —yi| - i €{l,...,n}}
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and x; < y;. By x,y € B(0,2), we find that
4.4) | |x - 4ne_{| - |y - 4m?1| |

1

n n 2
> [(411 - x1)2 + Z xl-z - [(411 - yl)2 + ny]
i=2 i=2
_ 8n(yr — x1) + 2im (i + y)(xi — yi)
[(4n — x1)2 + Tip 3212 + [(4n — y1)* + 21, 21
> 8n(yr — x1) — 4n(y; — x1) > y1—Xx1 > |X—)’|‘
16n 4 4+/n
This shows that the above claim holds. For any i € {1,...,n}, let f; € C C
WX satisfying fi(x) = |x — 4né)| in B(0,2). By (4.4) and the definition of f;, we
conclude that

1
2

lB(y 1)(x)
—|X — st 1p0.H(»)
g Xeo X0)
Lgoy(x) 2y | 1x — 4néjl — [y — 4néjl |
S =y 150,H(y)
Y X(x) X()

< D Wfillyss < oo.
i=1
This finishes the proof of the necessity and hence the proof of Lemma 4.3. O

The following corollary is a direct consequence of Lemma 4.3.
Corollary 4.4. Let X, a, and s satisfy Assumption Ill(iii). Then C® C WX,

Lemma 4.5. Let X be a ball Banach function space satisfying Assumption I11(i)
and let f € A (R" x R") satisfy |lllf(x, Vllxwllxyy < oo. Then there exists a
sequence of functions, { f}men C C.(R" X R"), such that

tim [[11£ e 3) = O Dol = 0
Proof. From Assumption III(i), we deduce that
[[EZES 28 PARE0) PP Col [ R (IFZCS01 PRty

as j — oo. Notice that, for almost every y € R", {x e R" : f(x,y) > N} converges

H
X(x) X(x) X(y)

to a set of zero Lebesgue measure as N — oo. By this and Assumption III(i), we
find that, for almost every y € R”,
||f(X, W ern: f(x,y)>N}||X(x) -0

as N — oo, which, together with [49, Definition 3.11 and Proposition 3.12],
further implies that

H”f (6 )y f(x,y)>N}||X(x) X H”f (6, V)1 yerr: f(x,y)>N}||X(x) o)
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as N — oo. Combining the above observations, we conclude that, for any ¢ €
(0, 00), there exists a bounded function g supported in a compact subset D C
(R™ x R™) such that

(4.5) e, ) = £ Ml

Using Lusin’s theorem, we conclude that there exists a sequence of bounded

Xy < &

continuous functions, {/;(x, y)}ien, supported in D such that
lim[g(x, y) = Iu(x, )] = 0

almost everywhere on R” X R". From Assumption III(i) and [42, Lemma 5.6.14],
we deduce that, for almost every y € R",

lim Jlg(x, y) = 7u(x, llxeo = 0.

Then, by this, Assumption III(i), and [49, Definition 3.11 and Proposition 3.12],
we find that

(4.6) lim [ligx. 3) = 7o 9l ) = O-

From (4.5) and (4.6), we conclude that, for any € € (0, c0), there exists a bounded
continuous functions A(x,y) supported in a set of finite measure D C (R" X R")
such that

1Ge, ) = 06 Wllxo ) < &
This finishes the proof of Lemma 4.5. |

Lemma 4.6. Let X and « satisfy Assumption I, s € (0, min{—a, 1}), and X also
satisfy Assumptions Il and Ill. Let u € .# satisfy ||u|lyysx < co. Then there exists

a sequence of functions, {uy}mey C C, such that

lim [t = tpllyysx = 0.

m—oo

Proof. Letp € C be such that supp (p) € B(0, 1) and j];v p(x)dx = 1, and define
Pm(+) := m"p(m-) for any m € N. For any x,y € R", let
u(x) — u(y)

f,y) =1 lx—yP™
0, X=y.

, XFY,

By Lemma 4.5, we find that, for any £ € (0, 00), there exists g € C.(R" xR") such
that

4.7 11£Ce, ) = 20 llxcolyyy < &

From the definition of || - ||yysx, we infer that, for any u € W**,

(4.8) [l o = ullyysx
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— u *pm(x) —u *Pm(}’) - [M(X) - M()’)]
|X - yls—a X x(y)
B u(x —z) —u(y — z) u(x) — u(y)
= e Pn@dz - ———
R" lx =yl lx =yl X@)lx(y)
= f f(x =2,y = 2pn@) dz - f(x,y)
Rr X0llx(y)
< [ G ) = gCx Mol
+ f g(x =2,y —2)pn(z)dz — g(x,y)
R X(x) X(@y)
+ f(x—z,y—-2)—gx -2,y — 2| pn(2) dz
R X(x) X(y)
=1L +L+15.

Notice that g is uniformly continuous and there exists R € (0, c0) such that
supp (g) € B(0,R) x B(0,R). This, combined with the definition of p,,, further
implies that

4.9) I, < sup lg(x,y) —g(x =2,y —w)|

(x,y)€B(O,R+1)xB(0,R+1)
(zw)eBO,m~1)xBOm1)

|

||13(0,R+1)(x)lB(O,R"'l)(y)”X(x) X()

-0

as m — oo. Now, we estimate 5. Using Assumption IIl(ii), we conclude that

(4.10) I <

~

f I(f—g)(x—z,y—2ldz
B(O,m‘l)

Xllxo)

< ICf = 90 Mol < &

Combining (4.8), (4.7), (4.9), and (4.10), we find that ||u * p,, — u|lysx — 0 as
m — oo, which completes the proof Lemma 4.6. O

The following Lorentz—Luxembourg lemma can be found in [80, Lemma
2.6].

Lemma 4.7. Let X be a ball Banach function space. Then X coincides with its
second associate space X". In other words, a function f belongs to X if and only
if it belongs to X" and, in that case, ||f|lx = | fllx~.

Lemma 4.8. Let X be a ball Banach function space and p, p’ € (1, 00) satisfy
5+ = L Then, for any f € X" and g € X", |fgllx < Ilfllxvllgllx-
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Proof. By Lemma 4.7, the definitions of X and X’, Holder’s inequality, and the
definitions of X? and X?’, we conclude that, for any f € XP and g € X7,

fgllx = sup lf()g()A(x)] dx

llAllx =1 JR"
< sup [ P ) dx],, sup [ O ) dx]"

lIAllxr =1 lIAllxr =1

7

==
N

< sup [ N [f O [h(x)l a’X]

l1Allxr =1

f n IO 1h(0)| dx]

R

= [Ifllxr llgllxr -
This finishes the proof of Lemma 4.8. |

Next, we prove Theorem 4.1.

Proof of Theorem 4.1. Let [u] € DX, By the definition of DX, we find that
there exists {u,}men C Co converging to u with respect to the quasi-norm || -
Ilyysx. Using Assumption III(iii) and Corollary 4.4, we obtain {u,},ex C WX
and hence u € W*X. By Corollary 3.5, we conclude that {u,,}ex € X a+ . From
Lemma 3.7, we infer that there exists a constant C € C such that, for any & €
(0, 00), 11 cpn: jugo)-ciseyllx < oo. Let i € N. Using {un}men C C°, we find that
I e o) Gorsyeyllx < 00 and hence u — C — u; € .#x. From Theorem 3.2, we
deduce that

PRI R A
which, together with u; € X#+, further implies that u — C € Xa+. We then define
I([u]) :=u-C.

Using the definition of [u], we conclude that 7 is injective.

Now, we show that 7 is surjective. Let u € W**N X3+ and g € . satisfy that
g=1onB(0,1),g=0o0n B0, Z)C, and g(x) := 2—|x| for any x € B(0,2)\B(0, 1).
Let g;(-) := g(j) for any j € N. Next, we prove that

(4.11) 111_>r£10 llze — g jullyysx = 0.

It is easy to show that, for any jeNand x,y e R",

[T — gj(0)]u(x) — [1 = g;M]u)| < lux) — u)IIl = g;(0l +1g,(x) — g;WMlu()l
and hence

(4.12) lu — gjullysx

u(x) — u(y)IIl — g;(x)|
|x =yl

lg;(*) = gWMllu@)l

lx — y[*=@

X(x) X(x)

X(@y) Xy

=: Ij+Jj-
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We first estimate /;. Form [[ullysx < oo, we deduce that, for almost every
y € R", II'”(_)yl'f(Z)'H x < oo. By this, the definition of g;, and Assumption III(i), we
conclude that, for almost every y € R",

lu(-) — uII1 — g;()l () = u g e ()
|- =yl v |- =yl ¥

as j — oo. Using this and [49, Definition 3.11 and Proposition 3.12], we obtain
(4.13) lim/; = 0.

/—)OO

This is the desired estimate for /;.
Now, we estimate J;. For any j € Nand y € R", let

1g,() = &)l

|- =yl

fiy) =

X
Using the definition of g; and Assumption I, we conclude that

() — 8C) LNeO =gy
Lo T | )

: Ys—a
-2 =4
Next, we claim that, for any 8 € (1, o), f = f; € XP. By the definition of g, we
find that, for any y € B(0, 3)C,

fio) = =

X

X

1
(4.14) Hl 1g()l || B(O,Z)”X.

yls @ ys—(x
From the definition of g, Assumptions I and IIIGii1), and s € (0, min{—«, 1}), we
deduce that, for any y € B(0, 3),

1g() — g4+

|g() - g(y)|13(0,4)0 ()

(4.15) S < ‘ —
X |- =yl

| . _yls—a }
| LeonO | [ Ls0ac®)
~ | . _yls—(l’—l ¥ | . |S—(l X
< 7@ 130,7)(7') + = 13(0’2k+2)\3(0’2k+1)(-)
<7 T
X k=1 X
10 1) >
1= (7.) —s(k+1)
<77 |- —Lp-a-t + Z 27 ||IB(0,2)\B(0,1)||X <s1
7 X k=l

Combining (4.14), (4.15), Assumption III(iii), and s € (0, min{—a, 1}), we con-
clude that, for any g8 € (1, c0),

1Al < [|F1e03) ]l + [ 030 |l ye

1
13(0,3)[3 () B

| - [Bls—) ¥

< [a0 ]l + (202l

1

0 B
< |50 + 1202 {Z 3 Dal ||13<0,3>\B<0,1>||X} < oo,
k=1
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This proves the above claim.
Let u;(-) := j~*"“u(j-) for any j € N. From the above claim and Assumption
I1I(1), we infer that, for any € € (0, c0), there exists ¢ € (0, c0) such that

£ 1500 - ¥

< —.
2luell

a+s

Using this, Lemma 4.8, and Assumption I, we conclude that, for any j € N,

@16)  ||fulsosl, < |If1s00], 2

E
73| NP (V3 PO [N [ PR X

By Assumption III(i), we conclude that there exists N € N such that, for any
j>N,
g
o < —.
X 2 fllg-e

From this, Lemma 4.8, and Assumption I, we deduce that, for any j > N,
@17) || fuid g pe]ly < NA1lx-s
Using Assumption I, (4.16), and (4.17), we find that, for any j > N,

(4.18) Fully = [ Fuilly < [|Fuposclly + 1 futses], <&

This is the desired estimate for J;. Then, combining (4.12), (4.13), and (4.18),
we conclude that (4.11) holds. From this and Lemma 4.6, we infer that, for any
u € WX N X, there exists a set {u jljenw C CZ° such that

||“18(0,6j)f3 |

e
”113(0,5)C|Xﬁ’s = ||f||X,% ”13(0,5]')C||Xﬁ < 5

im |Ju — u]lypx = O
]—)OO

and hence [u] € DX, which further implies that 1 is surjective. This finishes the
proof of Theorem 4.1. O

Now, we show that Assumption IIl(iii) is necessary for ball Banach function
spaces whose quasi-norm is invariant under rotations in some weak sense.

Proposition 4.9. Let X and « satisfy Assumption I and let s € (0, min{—a, 1}).
Assume that there exists a positive constant C such that, for any n X n unitary

matrix A and any f € X,

1
(4.19) Ellfllx < I fA)x < Clifllx-
If X has the property
1y,1)(%)
(4.20) % LonO)| < oo,
Y X() X0)

then X satisfies Assumption I11(iii).
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Proof. Assume that Assumption III(iii) fails. Then, for any M € (0, o), there
exists yy € B(0, 1) such that

(4.21) > M.

H 14,,.15()
I _yMls a—1

By Assumption I and s € (0, min{—a, 1}), we conclude that

1502)(*)
e FEDIE ]

= Z 2(s—1)i ||IB(0,2)\B(0J)||X < .

i=0

From this, the obvious estimate that for any x € B(yy, 2|yM|)C we have |x —yy| ~
|x|, and (4.21), we obtain

[ XBow\Bow 2t ()

Ly 20 ()

H| —}’M|S -l

|- —yulret |- =ymls
lB(yM n() ‘ 1502)()
|- —yml~* |- —yplet |-ty

as M — oo. This fact together with Assumptlon I and (4.19) further implies that

1B(y,1)(x)
W 150.)(»)
Y X Xo)
1521y ()
= ‘ eyt |. tsep®
Y X X0)
bl
] o2 (G v~
T e e
lyml X(x) X()
1 7 . =S
1 BQA;’ZT:TY(_? l ||1_s Lyo.H ()| — o0
oM x 1M X
as M — oo. This contradicts (4.20) and thus Assumption III(iii) must hold. This
finishes the proof of Proposition 4.9. O

5. APPLICATIONS TO SPECIFIC FUNCTION SPACES

In this section, we verify that our main results are applicable to several impor-
tant examples of ball Banach function spaces, including Morrey spaces (Subsec-
tion 5.1), mixed-norm Lebesgue spaces (Subsection 5.2), Lebesgue spaces with
power weights (Subsection 5.3), Besov—Triebel-Lizorkin—Bourgain—Morrey spaces
(Subsection 5.4), and Lorentz spaces (Subsection 5.5). To the best of our knowl-
edge, all results in this section are new. These applications reveal the extent to
which Sobolev embeddings play a prominent role in function space theory. And
we are certain that many other function spaces fall under the scope of our results.
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To verify that these spaces satisfy some desired assumptions, we need the
following lemma.

Lemma 5.1. Let X and « satisfy Assumption I and let s € (0, min{—a, 1}). As-
sume moreover that X satisfies the following property: there exists a positive
constant C such that, for any f € X and t € R",

|
(5.1 C NG+ Dl < lflly < CIfC+Dllx-
Then Assumption Il and both (ii) and (iii) of Assumption III hold.

Proof. By (5.1), we find that, for any x € R", |1 1llx ~ [[1s0,1llx and hence
Assumption II holds. From Minkowski’s inequality and (5.1), we deduce that

H JC fx—zy-2dz < f 17 G = 2,3 = Dllxew ., 92
B(0,r) B(0,r)

~ I Cx ol -
This implies that Assumption III(ii) holds. Moreover, using (5.1), Assumption I,

X(x) )((y)

and s € (0, min{—a, 1}), we conclude that, for any y € B(0, 1),
14,1() 150,1H(-)

| . _yls—a/—l | . |s—a/—1

(9

< Z (s—a=Dk ||13(0’27%1)\3(0,2”()“)(
k=1

~

X

x© 2s—1
= Z 20" g0 20m0.0 | = T [1z02080.0||, =C < .
k=1

This implies that Assumption III(iii) holds, which then completes the proof of
Lemma 5.1. O

5.1. Morrey Spaces. Recall that the Morrey space M? with 0 < r < p < o
was introduced by Morrey [60] in order to study the regularity of solutions to
certain equations. Morrey spaces have many applications in the theory of elliptic
partial differential equations, potential theory, and harmonic analysis; we refer to
[13, 29, 30, 31, 33, 75] and the monographs [1, 66, 67, 78].

Definition 5.2. Let 0 < r < p < o0. The Morrey space M? is defined to be the
set of all measurable functions f on R” such that

1_1
LA llagp = sup Bl || fllrs) < oo.
BeB
The following Sobolev-type embedding is a corollary of Theorem 3.2.

Theorem 5.3. Let O < r < p < oo and s € (0, min{%, 1}). Then there exists a
positive constant C such that, for any f € W*XNX#s with X := MY and o := —%,

n—sp
rn

sup [lBM‘l f FI dx]
B

BeB
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<C sup (BlIBy)7 {f f [lf(X) >+(,y)| } :
B1,B,€B Bl |x—yr

Proof. From the conclusion in [68, p.87], we infer that M’ is a ball Banach

function space. It is easy to show that Assumption I holds with X and « replaced,
respectively, by M? and —%. By the definition of M?, we find that, for any x €

R”, Mg pllyr = 1B(O, 1)|%, which implies that Assumption II holds with X :=

M?. Thus, all the assumptions of Theorem 3.2 with X := M? and « := —;’—7 are
satisfied. Then, using Theorem 3.2 with X := M? and a := —%, we obtain the
desired conclusions, thereby completing the proof of Theorem 5.3. O

Remark 5.4. From [72, Example 5.1], we know that the Morrey space M? has
no absolutely continuous norm if 1 < r < p < oo. Thus, it is still unknown
whether or not Theorem 4.1 holds with X := M? and « := -

5.2. Mixed-Norm Lebesgue Spaces. The mixed-norm Lebesgue space L” was
studied by Benedek and Panzone [6] in 1961, which can be traced back to Hor-
mander [37]. For more studies on mixed-norm Lebesgue spaces, we refer to
[14, 15, 22, 23, 39, 40].

Definition 5.5. Let 7 := (py, ..., pn) € (0, 0]". The mixed-norm Lebesgue space

L7 is defined to be the set of all measurable functions f on R” such that
1

r n
P
1Al = {f“-[flf(xl,---,xn)l"‘ dxl] dxn} <
R R
with the usual modifications made when p; = oo for some i € {1,...,n}.
The following theorem is a corollary of Theorem 3.2.

Theorem 5.6. Let p := (p1,...,p,) € (0,00]" and s € (O min{}", [% 1D. Then,
forany f € WX N Xw% with X := L and a := -y, o

P2

n

n
1 p g 7
r1 21,7 1 /"EIPI

f-“flf(xl,.- AT x| d,
R R

S

o I v ) P
R R|JR (s+2

lx—yl ="

with the implicit positive constant independent of f.
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Proof. Tt is easy to prove that L” is a ball Banach function space and Assump-
tion I holds with X and « replaced, respectively, by L? and — Y7, 1% By these,
Lemma 5.1, and the translation invariance of L?, we conclude that all the assump-

tions of Theorem 3.2 with X := L7 and @ := - Y}, [} are satisfied. Then, using
Theorem 3.2 with X := L7 and @ := — 3, 1%,-’ we obtain the desired conclusions,
thereby completing the proof of Theorem 5.6. O

The following theorem is a corollary of Theorem 4.1.

Theorem 5.7. Let j := (py,...,p,) € (0,00)" and s € (0, min{},_, i, 1D. Then
Theorem 4.1 holds with X := L? and @ := — ¥, 1%

Proof. Tt is straightforward that L” has an absolutely continuous norm. By this,
the proof of Theorem 5.6, Lemma 5.1, and the translation invariance of L7,
we conclude that all the assumptions of Theorem 4.1 with X := L” and a :=

_ n

1 [% are satisfied. Then, using Theorem 4.1 with X := L7 and @ := — Y, 4

i=1 171"
we obtain the desired conclusions, which then completes the proof of Theorem
5.7. m|

5.3. Lebesgue Spaces with Power Weights. We first present the definitions of
both Muckenhoupt weights and weighted Lebesgue spaces (see, for instance,
[24, Definitions 7.1.2 and 7.1.3]).

Definition 5.8. Let p € [1, o) and w be a nonnegative locally integrable function
on R". Then w is called an A, weight, denoted by w € A, if, when p € (1, 00),

p—1
[wla, = ;lclﬂgé‘flgw(x) dx{é j;[a)(x)]_vl' dx} < 00

and

[w]a, := sup L fa)(x) dx {ess sup[w(x)]‘]} < oo,
B

Bcrr | Bl xeR7
where the suprema are taken over all balls B € B. Moreover, the class A is
defined by setting

Ppell,)

Definition 5.9. Let p € (0, ) and w € A.,. The weighted Lebesgue space LY, is
defined to be the set of all measurable functions f on R” such that

11l = [ P w(x) dx]” < oo,
o

The following theorem is a corollary of Theorem 3.2.
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Theorem 5.10. Let p € (1,00), w(x) := |xf with B € (0,n(p — 1)) for any x € R",
and s € (0, min{—= "+ﬁ , 1}). Then there exists a positive constant C such that, for
any f € W n X<r+s with X := L, and a := "+ﬁ

[ |u(x)|n’+(ﬁ€)p|x|ﬂdx} <C f f Jul) ~ uGI”, Plylf dxdy
R)l VLXRH

X — |n+,6+sp

Proof. From [20, p. 141], we know that |x’ € A,. Combining this and [68, p. 86],
we conclude that L, is a ball Banach function space. It is easy to prove that
Assumption I holds with X and « replaced, respectively, by L and — "+'8 . From
B € (0,n(p — 1)), we infer that, for any x € R", [[1p.pllr = ||13(0,1)||L5) which
implies that Assumption II holds with X := L. Thus, all the assumptions of

Theorem 3.2 with X := L and a := —M are satisfied. Then, using Theorem
3.2 with X := ! and a := ";ﬁ we obtam the desired conclusions and hence
complete the proof of Theorem 5.10. O

The following theorem is a corollary of Theorem 4.1.

Theorem 5.11. If p € (1,00), w(x) := |x/ for any x € R" and some B €
(0, min{p, "= 1)}) and s € (0, m1n{"+ﬂ L B 1)), then Theorem 4.1 holds with

X.—Lf,anda. ;ﬁ.

Proof. Tt is easy to show that L!, has an absolutely continuous norm. By [20,
p. 141], we find that, for any 7 € R, |x + 7| € A,. Using this together with [24,
Exercise 7.1.9], we conclude that, for any 7 € R”, |x}|x + /¥ € A,. Then, from
[20, Theorem 7.3], we deduce that

fx+z,y+2)dz
B(0,r)

Loy,

_ 1
14
= ff fCx+z,y + 2 xPlyF dzdx dy]
| "xR" J B(0,r)

[ 1
P
= ff JC f(x+Z,X+Z+t)p|x|ﬁ|x+t|ﬁdzdxdt]
| JIRoxre JB(0,r)

f Fx, x + )P xPx + tf dx dt]
RPXR"

A

= f Oy I dxdy] "= (el
L RPxR" w

This proves that Assumption III(ii) holds with X := L¢,. By the definition of ||-||.»

and s € (0, m1n{"+ﬁ p £ 1}), we conclude that, for any y € B(0, 1),
1g,.1,( 1
B(}’l)( )n+/f = f |('f_|’2) +n+f3 dx S f (s—1)p+n+B dx < co.
|- =y Bo.1 X = y|s=bP B2 |x — yle=br
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This shows that Assumption III(iii) holds with X := L. Combining the above
observations and the proof of Theorem 5.10, we conclude that all the assump-

tions of Theorem 4.1 with X := L/ and a := —% are satisfied. Then, using
Theorem 4.1 with X := L’ and o := —%3, we obtain the desired conclusions,
which completes the proof of Theorem 5.11. O

5.4. Besov-Triebel-Lizorkin—-Bourgain—Morrey Spaces. Itis well known that
Morrey-type spaces, serving as a good substitute of Morrey spaces, have been
found many applications in harmonic analysis and partial differential equations;
see, for example, [21, 25, 43, 53, 74]. To study the Bochner—Riesz multiplier
problems in R?, Bourgain [9] introduced a special Bourgain—Morrey spaces. Sub-
sequently, Masaki [50] introduced Bourgain—Morrey spaces for the full range
of exponents to explore some problems on nonlinear Schrodinger equations.
In addition, Bourgain—Morrey spaces have many applications in the theory of
partial differential equations (see, for example, [5, 10, 41, 51, 52, 61, 62]). Re-
cently, Hatano et al. [35] revealed several fundamental real-variable properties of
Bourgain—Morrey spaces. Motivated by Bourgain—-Morrey spaces and the struc-
ture of Besov spaces (or Triebel-Lizorkin spaces), Zhao et al. [81] and Hu et
al. [38] respectively introduced Besov—Bourgain—Morrey spaces and Triebel—-
Lizorkin—Bourgain—-Morrey spaces as follows.

Definition 5.12. Let 0 < g < p < r < oo, 7 € (0, 00], and {Qy,n}yez. mez, be the
system of dyadic cubes of R".

(i) The Besov-Bourgain-Morrey space M B/, is defined to be the set of all
feL! suchthat

Wity = {Z[Z (10l 114, )]} oo
mezl

veZ

with the usual modifications made when r = co and T = oo.
(ii) The Triebel-Lizorkin—-Bourgain—Morrey space MF 7 is defined to be the
set of all f € L] such that

cant oY
|le(y,l)||Lq:| —t} dy) < o0

t

with the usual modifications made when r = co and 7 = 0.
The following theorem is a corollary of Theorem 3.2.

Theorem 5.13. Let bothO < g<p<r<ocoandte (l,00)or1 <g<p<r<
T=00,A€{B,F}, s €(0, min{%, 1}), and y := ——. Then there exists a positive

n—sp’
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constant C such that, for any f € W** 0 Xa5 with X := MA?Y and « : = -
lf(x) = f)
I Wz < € ' ST
|'x yl MApr MAp'r

Proof. We only consider the case A = B because the proof of the case A = F
is similar and hence we omit the details. From the proof of [82, Lemma 4.10],
we infer that MBZ;Z is a ball Banach function space. It is easy to prove that
Assumption I holds with X and « replaced, respectively, by M B/, and —ﬂ By
these, Lemma 5.1, and the translation invariance of MB., we conclude that all

q,r»
the assumptions of Theorem 3.2 with X := MB! and @ := _1_7 are satisfied.
Then, using Theorem 3.2 with X := MBp - and @ : —;, we obtain the desired
conclusions, which completes the proof of Theorem 5.13. O

The following theorem is a corollary of Theorem 4.1.

Theorem 5.14. Let 0 < g < p < r < oo, 7 € (1,0), A € {B,F}, and s €
(0, min{%, 1}). Then Theorem 4.1 holds with X := MALT and @ := -2

Proof. We only consider the case A = B because the proof of the case A = F
is similar and hence we omit the details. From the proof of [82, Theorem 4.12],
we infer that MB!7 has an absolutely continuous norm. By this, the proof of
Theorem 5.13, Lemma 5.1, and the translation invariance of MB’’\, we conclude

q.r»
that all the assumptions of Theorem 4.1 with X := MB! and « := — are
satisfied. Then, using Theorem 4.1 with X := MBS:: and a := —%, we obtain the
desired conclusions, which completes the proof of Theorem 5.14. O

5.5. Lorentz Spaces. The Lorentz space was studied by Lorentz [47, 48] in the
early 1950’s. As a natural generalization of Lebesgue spaces, Lorentz spaces
serve as the intermediate spaces of Lebesgue spaces in the real interpolation
(see, for example, [12]). For more studies on Lorentz spaces and their associated
function spaces, we refer to [64, 73, 44, 45].

Definition 5.15. Let p € (0, 00) and ¢g € (0, co]. For any f € ., let
ap(d) ={x eR": |f(x)| > A}

and

@) :=1inf{d € (0,00) : as(1) <t}
The Lorentz space L is defined to be the set of all functions f € .# such that,
when p, g € (0, ),

=14 " % * qﬂ é o)
1l = {pfo |17 7o) t} <



THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY 31

and

l %
| fllpes := sup 7 f*(t) < oo.

1€(0,00)

The following theorem is a corollary of Theorem 3.2.

Theorem 5.16. Let p € (1,0), g € (1,00], and s € (0, min{%, 1}). Then there
exists a positive constant C such that, for any f € WX N Xa= with X := L7 and

If(x) - f(y)l
lx =y r

g <2t

p ST p=sn

Lrallppa

Proof. From [68, p. 87], we infer that L7 is a ball Banach function space. It is
easy to show that Assumption I holds with X and a replaced, respectively, by L4
and —%. By these, Lemma 5.1, and the translation invariance of L”4, we conclude

that all the assumptions of Theorem 3.2 with X := L”? and a := —% are satisfied.
Then, using Theorem 3.2 with X := L9 and o := —%, we obtain the desired
conclusions, which completes the proof of Theorem 5.16. O

The following theorem is a corollary of Theorem 4.1.

Theorem 5.17. Let p € (1,00), g € (1,00), and s € (0, min{%, 1}). Then Theorem
4.1 holds with X := LP9 and « := —

Proof. From [76, Remark 3.4(iii)], we infer that L9 has an absolutely continu-
ous norm. By this, the proof of Theorem 5.16, Lemma 5.1, and the translation
invariance of L”9, we conclude that all the assumptions of Theorem 4.1 with

X = L7 and a := —% are satisfied. Then, using Theorem 4.1 with X := L4
and o = —%, we obtain the desired conclusions, which completes the proof of
Theorem 5.17. O
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